The dynamic properties of distributed feedback lasers (DFBs) based on InAs/InGaAs quantum dots (QDs) are studied. The response function of QD DFBs under external modulation is measured, and the gain compression with photon density is identified to be the limiting factor of the modulation bandwidth. The enhancement of the gain compression by the gain saturation with the carrier density in QDs is also analysed for the first time. The linewidth of the QD DFBs is found to be more than one order of magnitude narrower than that of conventional quantum well (QW) DFBs at comparable output powers. The figure of merit for the narrow linewidth is compared between different semiconductor materials, including bulk, QWs and QDs. Linewidth re-broadening and the effects of gain offset are also investigated. Finally, the chirp of QD DFBs is studied by time-resolved-chirp measurements. The wavelength chirping of the QD DFBs under 2.5 Gbps modulation is characterized. The strong dependence of the linewidth enhancement factor on the photon density is explained by the enhancement of gain compression by the gain saturation with the carrier density, which is related to the inhomogeneous broadening and spectral hole burning in QDs.
Introduction
For semiconductor lasers the implementation of quantum dot (QD) active regions is a natural next step after the success of quantum well (QW) hetero-structures because, theoretically, QDs represent the ultimate application of the size quantization concept to semiconductor hetero-structure lasers [1] . The advantages of QDs compared with QWs stem from their unique density of states resulting from the threedimensional confinement of carriers. After the creation of the first QD lasers in 1993 and early 1994 [2, 3] , various properties of QDs have been demonstrated in actual devices, including a low transparency current [4] , increased material and differential gain [5] , lower temperature sensitivity [6] and reduced linewidth enhancement factor (α parameter) [7] . Furthermore, QDs can extend the achievable wavelengths on given substrates, for instance, 1.3 µm InAs QD lasers on GaAs substrates, since the three-dimensional structure of the nanometre dots helps relax the strain from the lattice mismatch while minimizing dislocation formation.
For various applications, it is crucial to understand the dynamic properties of QD lasers, including the highspeed performance, linewidth and wavelength chirping. The advantage of QD distributed feedback lasers (DFBs), compared with QD Fabry-Perot (FP) lasers, is the single mode operation that makes the photon-carrier interaction better suited to the standard rate equations and easier to study. Section 2 will give a general discussion of QD DFBs, including their material design, light-current (LI) curves and optical spectra. Section 3 will be devoted to the high-speed performance of QD DFBs. The modulation bandwidth, bandwidth saturation, limiting factors and gain compression effects are investigated. Section 4 will focus on the static linewidth issue in QD DFBs. A narrow linewidth is demonstrated, while linewidth re-broadening is observed at a low photon density, suggesting a strong gain compression. The effect of gain offset, defined as the spectral distance between the DFB lasing mode and the peak of the ground state gain, is presented. Section 5 will investigate the frequency chirp of the QD DFBs by time-resolved-chirp (TRC) measurements.
The dependence of the α parameter on the photon density in the devices will be characterized and the gain compression coefficient will be determined. The last section will summarize this paper.
Structure and basic performance of QD DFBs
The InAs/InGaAs dots-in-a-well (DWELL) laser structure is grown by solid source molecular beam epitaxy on a (0 0 1) GaAs substrate using conditions similar to those published previously [8] . The active region consists of six DWELL layers with a single-stack dot density of 1.3 × 10 11 cm −2 . The dots are embedded in 9.1 nm of In 0.15 Ga 0.85 As, the GaAs barrier layers between the DWELL stacks are 30 nm and the total GaAs/InGaAs waveguide thickness is 325 nm. Cladding layers of 1.5 µm thick Al 0.7 Ga 0.3 As are used. Room temperature photoluminescence (PL) measurements show a ground state peak varying from 1295 to 1325 nm with a typical spectral FWHM of 89 nm. Device fabrication begins with formation of 3-3.5 µm ridges, followed by e-beam lithographic patterning and liftoff of the lateral absorptive metal grating to form laterally-loss-coupled (LLC) DFB laser diodes. The period of the first order metal grating is close to 200 nm. The LLC-DFB structure has the advantages of a gain-coupled device without requiring re-growth [9] . After surface planarization using BCB, Ti/Pt/Au is deposited for the p-type contact. Finally, a Au/Ge/Ni/Au n-type contact is deposited after the substrate has been lapped and polished. The wafer is cleaved into laser bars with cavity lengths of 300 µm, and the facets are asymmetrically HR/HR coated to lower the lasing threshold and get the output dominantly out of one facet.
The DFB lasers emit single-mode with a side-mode suppression ratio (SMSR) greater than 50 dB in a wavelength range from 1295 to 1328 nm, depending on the grating period. Figures 1 and 2 show the typical optical spectra of the QD DFBs. Although no pure stop band is observed, a sidemode about 4 nm away from the lasing mode might rise from the residual index-coupling of the metal grating. As the pump increases up to about 10-17 times the threshold, depending on different devices, the excited states about 60 nm away from the ground state start to lase as shown in figure 2. This result indicates that the total carrier density is not clamped above the threshold, which can be explained by the inhomogeneity of the gain broadening. The typical threshold of QD LLC DFBs is less than 5 mA with a slope efficiency of about 12-17%. The turn-on voltage is 1.1 V. As shown in figure 1 , the turn-on is not abrupt, and further reduction or modified grading of heterojunction barriers in the device will improve the carrier injection.
High-speed performance of QD distributed feedback lasers
The advantages of using QD DFBs, rather than FPs, to study high-speed properties are obvious. First of all, DFBs are more directly related to real applications in communication systems. Secondly, the single mode of DFBs eliminates the effect of multimode dynamics of FPs, including mode hopping and mode competition under external modulation. Finally, since the DFB wavelength is associated with the junction temperature of the device, it can be fixed at a certain value by adjusting the heat sink temperature so that the thermal effects are reduced and even eliminated in this high-speed measurement.
The high-speed performance of semiconductor lasers is typically characterized by their response to external smallsignal modulation. In the DWELL structure, the carriers are injected into the QW first and then relax into the QDs. The slow relaxation corresponds to the slow carrier transport from the QW into the 'active' levels and can limit the high-speed performance much like a parasitic RC time constant. Based on this simplification, the dynamics of QD lasers can be described by a similar set of equations applied to SCH QW lasers that considers the carrier transport from the SCH to QWs [10] . There are three rate equations in this model: one for the carriers directly involved in the lasing process, one for the carriers functioning as a reservoir outside the lasing wavelength and another one for the photon density inside the laser cavity. By this model, the optical modulation response, M(f ), of a QD laser is given as [11] : where we have divided γ by 2π to reflect the convention that γ is expressed in units of rad s −1 . The relationship between the resonance frequency, f r , and the damping factor, γ , defines the K-factors as:
and
where τ c is the carrier transport time which includes capture, τ eff is the effective carrier lifetime, V g is the group velocity, a 0 is the differential gain without gain compression, S is the photon density, P is the output power measured at the facet of the device, τ p is the photon lifetime, χ = 1 + τ esc /τ c is the modification factor due to the carrier transport with τ esc the carrier escape time, ε s and ε p are the gain compression coefficients related to photon density and output power, respectively, and g is the modal gain and g 0 is the unsaturated value. The introduction of P sat is for convenience in order to estimate at what output power or dc pump current the gain compression becomes significant. τ c must be extended to include various parasitic effects, such as the equivalent RC constants of the p-n junction and the measurement set-up, since they are indistinguishable from the transport effect. Figure 3 presents the measured modulation responses at different current injection and their curve-fittings based on equation (1) . All the one-sigma curve-fitting errors of the resonance frequency, damping factor and effective transport time are less than a few per cent as long as the excited states are kept below the lasing threshold. The drop in the response function at the lower frequency range (<500 MHz) is due to the response of the detector and was verified by using a different detector. In figure 4 , we curve-fit the square of the resonance frequency as a function of output power based on equation (3) and find that the characteristic output power for gain compression, P sat , is 3.7 ± 0.4 mW. With this value of the gain compression factor, the maximum resonance frequency is estimated to be 4.9 GHz. Given the facet reflectivity and (3) shows that the gain compression output power, P sat , is 3.7 ± 0.4 mW.
modal volume of the DFB laser, we can calculate the gain compression coefficient, ε s , to be (3-4) × 10 −16 cm 3 , which is more than 30 times higher than the typical value of QWs and is consistent with the value of 4×10 −16 cm 3 measured by Bimberg et al [12] in QD FPs using the same technique. A modified nonlinear gain coefficient expression has been derived in the appendix to explain this strong enhancement of ε s in QD lasers. The important result is
with g max is the maximum gain supplied by the QD active region, g th is the threshold gain and ε s,eff is the effective gain compression factor. This enhancement is unique to QD lasers due to the abrupt gain saturation with carrier density. In these particular DFB lasers, g max is estimated to be 15 cm
and g th is about 12 cm −1 . This makes the enhancement factor, g max /(g max − g th ), about 5. Curve-fitting based on equation (2) shows a K-factor of 1.4 ns and an effective carrier lifetime of 0.1 ns. The carrier transport time, τ c , can also be determined from the curve-fitting of the modulation responses. The monotonic decrease of the carrier transport time with the increasing pump is demonstrated in figure 5 with the differential resistance derived from the I -V curve of the device. The drop in τ c below 20 mA could result from the decrease in the differential resistance and thus the RC parasitic time constant. However, for a pump current greater than 20 mA, the decrease in the τ c is much more rapid relative to the change in the differential resistance, indicating a carrier-density dependent relaxation time constant. This is the first observance of this effect in the high-speed response of QD lasers and could be attributed to an Auger dominated carrier relaxation process [13, 14] . At high pump levels, the carrier transport time reaches about 10 ps and the corresponding parasitic bandwidth is 16 GHz. Since the maximum 3 dB bandwidth of K = 1.4 ns and τ c = 10 ps corresponds to 6.4 GHz and 16 GHz, respectively, it can be concluded that the K-factor is the limiting factor. The most likely reason is strong gain compression in the QD DFBs. 
Linewidth of QD DFBs
New semiconductor materials such as strained QWs [15] and QDs have been proposed for narrow linewidth operation to take advantage of their low internal loss (typically 1 cm −1 ) and small linewidth enhancement factor. Therefore, studies of the linewidth of QD lasers are important. In real world applications, single-mode DFB lasers at 1.3 µm with narrow spectral linewidth are essential for various applications, such as coherent sources and local oscillators for communication systems [16] . As discussed in the previous sections, QD lasers are expected to have a lower threshold and smaller linewidth enhancement factor compared with QW devices. Theoretical calculations also show that the population inversion factor, n sp , is lower in QDs than in QWs [17] . These advantages of QDs over QWs suggest that QD lasers can have a narrow linewidth, considering
where ν is the linewidth, g th is the threshold gain, P 0 is the optical output power, is the confinement factor, v g is the group velocity, α m is the mirror loss and ν is the photon energy [10] . Theoretically, a narrow linewidth is always obtained by increasing the laser power as indicated by equation (6) . In real cases, however, the minimum achievable linewidth is typically limited by the linewidth re-broadening or floor due to the mode instability [18] , existence of side modes [19] , spatial hole burning [20, 21] and gain compression [22, 23] . The first three effects are mostly related to the device structure and can be minimized or eliminated by optimizing the device design. The gain compression is fundamentally related to the time scales for the carrier equilibrium dynamics in the semiconductor gain media and is enhanced in QD gain media. The linewidth of three loss-coupled QD DFBs, denoted A, B and C, with different gain offsets, are studied in this section. The gain offsets, defined as the difference between the DFB wavelength and the gain-peak wavelength, are −12 nm, 0 nm and 19 nm for devices A, B and C, respectively. The cavity length of the QD DFBs is 300 µm. Other static characteristics of these three devices are included in table 1. We applied the self-homodyne technique to linewidth measurement using a fibre interferometer [24] . Figure 6 shows the linewidth and SMSR of the three QD DFBs as a function of the optical output power. The linewidth-power product of devices A and B is about 1.2 MHz mW for an output power less than 2 mW, which is more than an order of magnitude smaller than the value of 16 MHz measured in the commercial QW DFB at 2 mW output with the same set-up, while the typical linewidthpower product in QW DFBs is tens of MHz-mW, depending on the cavity length [10] . This result is physically consistent with the properties of the QD gain media discussed in the introduction, as well as the implementation of the loss coupled grating, which reduces the adverse spatial-hole-burning effect [13] , and the HR/HR coatings that lower the threshold gain. In device C, due to its larger gain offset and therefore larger α 0 , a wider linewidth at low power compared with device A and B is observed.
By knowing the internal loss, mirror loss and slope efficiency of QD FPs processed with the same facet coatings on the same wafer as the QD DFBs, the threshold DFB modal gain and n sp (1 + α 2 ) are estimated to be 12 cm −1 and 23, respectively, using also the fact that device A has a linewidthpower product of 800 KHz mW at an output power of 1 mW. For comparison, figure 7 shows the values of n sp (1 + α 2 ) in different semiconductor gain media. Since both a small n sp (1 + α 2 ) and a low threshold gain are required for narrow linewidth operation, QDs are advantageous compared with QWs. Figure 7 suggests that the narrow-linewidth operation is improved by a factor of 4-5 in QD DFBs due to their unique material properties.
As the output power is further increased, we can observe that a linewidth floor of 500-600 kHz is achieved in device B 2 ), at the optical gain peak as a function of the modal gain in bulk DH lasers, QW lasers with a different number of QWs [31] and QD lasers with a six-stack DWELL active region (this work).
for optical outputs of 3-10 mW. Although device A shares the same property of a low linewidth-power product in device B, its linewidth re-broadens instead of reaching a floor. These phenomena are presented in figure 6 . In each device, it is notable that the linewidth re-broadens or minimizes even as the SMSR is either improving or greater than 50 dB. As shown in section 2, the gain compression is found to be strong in these QD devices from the high-speed measurement. For the QD DFBs, the linewidth floor starts to occur at an output power of 2-4 mW, approximately the same as the value of the gain saturation power derived from the small signal modulation. For the output power of 2-4 mW, the gain compression coefficient of these QD devices is estimated to be (4-8)×10 −16 cm 3 , which is more than 30 times higher than the typical value of QWs and is consistent with both the value of 4 × 10 16 cm 3 published by Bimberg et al [12] and the value of (3-4)×10 16 cm 3 from the high-speed measurement in section 2.
It was noticed by Agrawal [22] that the α under gain compression changes differently as a function of the gain offset, that is, the position of λ DFB relative to the gain peak. From the master equations describing the interactions of the photon-carrier system and carrier thermal equilibrium dynamics, the effective linewidth enhancement factor was derived to be
Here α 0 is the linewidth enhancement factor without gain compression effects, ε is the gain compression coefficient, S is the photon density, g(ω) is the small signal gain, ω L is the lasing frequency and τ in is the carrier dephasing time.
The effects of gain offset indicated by equation (7) are found applicable to the linewidth floor in device B (dg(ω)/dω ∼ 0) and the rebroadening in device C dg(ω)/dω positive), but not to the rebroadening in device A which has a blue-shifted gain offset. Theoretically, dg(ω)/dω should be negative in this region of the gain spectrum and a linewidth narrowing faster than a 1/P dependence should occur if the QD ground state is sufficiently isolated from other states. However, it is believed that the blue-shifted offset of device A is subject to the homogeneous and inhomogeneous broadenings from the excited states which causes an increase of the α [25] .
Chirp of QD DFBs
Chirp is defined as the drift of the optical wavelength of a laser under direct intensity modulation. From the rate equations [10] describing the photon density and frequency of a laser, the chirp can be expressed as
where G th is the temporal threshold gain, α is the linewidth enhancement factor, ν is the lasing frequency, P is the output power of the device, ε p is the gain compression coefficient associated with the output power, S is the inside-cavity photon density and ε s is the gain compression coefficient associated with the inside-cavity photon density. The first term in equation (8), which is proportional to the derivative of the optical power, is called the 'transient chirp', and the second term, proportional to the optical power itself, the 'adiabatic chirp' [26] . The effective α factor, defined as, α eff = α(1 + ε p P ), describes the effective coupling between the changes in gain and refractive index of the semiconductor gain medium under gain compression [27] . The TRC is a technique for measuring the wavelength chirping directly in the time domain. The details of the experimental set-up and algorithm can be found in [28] . The wavelength chirp, ν, of a laser under external modulation is measured in real time, while the output of the laser, P , is also recorded simultaneously. Based on the relation between ν, P and dP /dt expressed in equation (8) , the α factor and the gain compression coefficient can be extracted. From the TRC results, the effective α, α eff , is derived based on equation (8) and plotted in figure 8 . The α factor at the threshold is found to be 2.6 ± 0.4 and ε p is 0.7 ± 0.2 mW −1 by curve-fitting the measured effective α as a linear function of the power. The α factor without the gain compression effects is close to the results in [25] and doubles when the output power is 1-2 mW. Figure 9 gives the gain compression coefficient of the QD DFBs. The curve-fitting error bar comes from the large signal modulation and the sensitivity of the derivative dP /dt to the measurement noise. The gain compression factor is estimated to be 0.2 ± 0.1 mW −1 from the curve-fitting based on equation (8) . Therefore, roughly speaking, the gain compression becomes significant for an output power of 7 mW, comparable with the 2-5 mW estimated from the linewidth and high-speed experiments, and the gain compression photon density, ε s , is still one order of magnitude lower than the typical value of QWs. However, the gain compression coefficient ε p = 0.2 ± 0.1 mW −1 determined here is smaller than the value of ε p = 0.7 ± 0.2 mW −1 determined from the dependence of the α factor on the output power. This could be explained by the enhancement of the gain compression by the gain saturation with the carrier density in QDs that is derived in the appendix. Since the homogeneous broadening is 10-20 meV [29] , which is about three times narrower than the inhomogeneous broadening, spectral hole burning will occur in QDs at elevated powers. As the gain at the lasing wavelength is clamped to the threshold value, the consequence of the spectral hole burning is the increase in the carrier density at the energy levels outside the homogeneous broadening bandwidth, especially the higher excited states of the QDs. Therefore, the magnitude of the α factor in QDs is further increased as a result of the global distortion of the gain spectrum in addition to the local one that is purely from the spectral hole burning. The carrier filling at the excited states will increase the value of the α parameter, which is confirmed by numerical calculation [25] and experimental results [30] .
Conclusion
In this paper, the possible limiting factors for the bandwidth are investigated, including the K-factor, effective carrier transport time and gain compression. Strong gain compression is found to be the limiting factor, and the effective gain compression coefficient is determined to be 4.3 ± 0.4 × 10 −16 cm −3 , which is about 30 times higher than the typical value in QWs. The suggestion for overcoming this problem is to avoid the gain saturation by increasing the maximum gain of the QD active region. A linewidth-power product of 1.2 MHz mW is found in QD DFBs, more than one order of magnitude lower than the typical value in QW DFBs. The figure of merit for the narrow linewidth, n sp (1 + α 2 ), is found to be 4-5 times lower in QDs than in QWs, given the same threshold gain. At the same time, the linewidth re-broadening and floor are found in QD DFBs at relatively by low output powers, from which the effective gain compression factor is estimated to be (4-8) × 10 −16 cm −3 . Finally, the chirp of a QD DFB is studied by TRC measurement. The α parameter of the QD DFB is measured to be α 0 = 2.6 ± 0.5 at the threshold and increases to 8 at an output power of 3 mW. The gain compression coefficient, ε p , determined from the curve-fitting parameter in the adiabatic chirp term with the same TRC data, however, shows a value of 0.2 ± 0.1 mW −1 . The discrepancy between the power-dependence of α and the gain compression coefficient can be explained by the gain saturation and the resulting carrier accumulation in the excited states of the QDs.
Appendix. Gain compression and gain saturation in QD lasers
For a steady-state operation well above the lasing threshold, the pure gain at the lasing wavelength should be equal to the threshold loss, g = g th (1 + ε s S) ≡ g th (1 + ε p P ),
with P the output power and ε the gain compression coefficient related to the output power. Equation (A1) predicts that higher gain is required for higher output power. Equation (A2) is used to describe the saturation of the gain of QD media for its simplicity g = g max [1 − e − ln 2(N/Ntr−1) ],
where g max is the maximum gain for ground-state lasing, N is the carrier density and N tr is the transparency carrier density, and the factor of ln 2 is used to produce equality in the maximum gain and maximum loss of the QD gain media. When the laser is above the threshold, equations (A1) and (A2) give the expression of the differential gain at the ground state:
where a 0 is the differential gain at the threshold. The decrease in the differential gain given by equation (A3) is directly related to the response of the QD devices under external modulation. The resonance frequency is given as 
where v g is the group velocity. Equation (A4) indicates that the gain compression effect is enhanced by the gain saturation by a factor of
For typical QD DFBs discussed in this work, g max and g th are about 15 cm −1 and 12 cm −1 , respectively. The gain compression effect is enhanced by a factor of 5 in those devices and causes a severe limitation on the modulation bandwidth. It is also suggested by equation (A5) that a larger maximum gain could improve the bandwidth by a factor of 2.
